Abstract. We prove the existence of infinitely many periodic orbits of symplectomorphisms isotopic to the identity if they admit at least one hyperbolic periodic orbit and satisfy some condition on the flux. Our result is proved for a certain class of closed symplectic manifolds and the main tool we use is a variation of Floer theory for symplectomorphisms, the Floer-Novikov theory.
1. Introduction and the Main Result 1.1. Introduction. The main result of this paper is the existence of infinitely many periodic orbits of symplectomorphisms isotopic to the identity as long as they admit at least one hyperbolic periodic orbit and satisfy some constraints on the flux. This is established for a certain class of closed symplectic manifolds using a variation of Floer theory for symplectomorphisms, the Floer-Novikov theory ( [LO95, Ono06] ).
Although here we are interested in symplectomorphisms which do not necessarily arise from Hamiltonians, the main result of this paper can be viewed in the context of the Conley conjecture ( [Con84] ) which claims the existence of infinitely many periodic orbits (of a Hamiltonian diffeomorphism). The conjecture holds true for many symplectic manifolds, namely, with c 1 | π 2 (M ) = 0 and negative monotone manifolds; see [CGG13, GG09, Hei12] and also [FH03, Gin10, GG12, Hin09, LC06, SZ92] . The main difference between the Conley conjecture and our result is that in the Conley conjecture the existence of periodic orbits is unconditional whereas in our result the symplectomorphism is required to have one contractible (hyperbolic) periodic orbit. Without loss of generality, when a periodic orbit is contractible, we may assume it is a fixed point. Hence, for the sake of simplicity, from now on we consider the hyperbolic periodic orbit, say γ, to be constant; see beginning of Section 3.2 for more details.
Due to this assumption on the existence of a fixed point of a specific type, our result fits more accurately under what Gürel describes in [Gür13, Gür12] as the generalized HZ-conjecture; see also [GG14] . This variant of the Conley conjecture claims that a Hamiltonian diffeomorphism with "more than necessary" fixed points has infinitely many periodic points. Here "more than necessary" is understood as a lower bound provided by some form of the Arnold conjecture, e.g., the expected bound for CP n is n + 1. The HZconjecture was originally stated (as far as we know) in this form by Hofer and Zehnder in [HZ11, p.263] and was motivated by the results of Gambaudo and Le Calvez in [GLC99] and Franks in [Fra88] (see also [Fra92, Fra96] ) where they prove that an area preserving diffeomorphism of S 2 with at least three fixed points has infinitely many periodic points;
see also [BH12, CKR + 12, Ker12] for symplectic topological proofs. A broader variant of the conjecture suggests the presence of infinitely many periodic points provided the existence of a fixed point which is unnecessary from a homological or geometrical perspective. In fact, our main theorem (Theorem 1.1) asserts that, for a certain class of symplectic manifolds, a symplectomorphism (symplectically isotopic to the identity) with a hyperbolic fixed point must admit infinitely many periodic points (as long as it satisfies some condition on its flux). The theorem is a symplectic analogue of a result proved in [GG14] for Hamiltonian diffeomorphisms. In dimension greater than two, the conjecture is also supported by the result presented in [Gür13] for non-contractible orbits and by its "local version" considered in [Gür12] . Some examples of manifolds which meet the requirements of the main theorem and admit symplectomorphisms (which are not Hamiltonian diffeomorphisms) with periodic points are the products of complex projective spaces with symplectically aspherical manifolds CP n × P 2m (with m ≤ n) and the products of complex Grassmannians with symplectically aspherical manifolds Gr(2, N )×P 2m (with m ≤ 2); see Examples 2.1 and 2.3 for further details.
Existence of Infinitely Many Periodic Orbits (Main Theorem).
Consider a symplectomorphism φ in the identity component of the group of symplectomorphisms of (M, ω). The flux homomorphism Flux associates with an element [φ t ] of the universal covering of Symp 0 (M, ω) a cohomology class [θ] ∈ H 1 (M ; R). We say that the symplectic isotopy φ t has rational flux if the group formed by the integrals of θ over the loops in M is discrete, that is,
Then, we have the following result on the periodic points of such symplectomorphisms. is the minimal Chern number) and
for some ordinary homology classes α, β ∈ H * (M ) (with deg(α), deg(β) < 2n). Then any symplectomorphism φ in Symp 0 (M, ω) with
• a contractible hyperbolic periodic orbit γ and • h 1 /h 0 ∈ Q, where h 0 is the rationality constant of (M, ω) and h 1 the rationality constant of the flux of a symplectic isotopy φ t such that φ 0 = id and φ 1 = φ has infinitely many periodic orbits.
Here q is the element of the Novikov ring, with degree −2c min 1 , defined as in Section 2.4.1.
The assumption on the existence of a hyperbolic periodic orbit γ is extremely important. A significant feature of these orbits is the fact that the energy needed for a (Floer-Novikov ) trajectory to converge to a k-th iteration of γ and crossing its fixed neighborhood is bounded below by a strictly positive constant independent of k (see Section 3.1). The main tool used to prove our result is filtered Floer-Novikov homology (see Section 2.3).
The proof of the theorem goes by contradiction and, if a symplectomorphism admits only finitely many periodic points, there exists an iteration k for which the action of all the k-periodic orbits are in a small neighborhood of h 0 Z. The assumption that the flux and the action grow together, more precisely h 1 /h 0 ∈ Q, plays an essential role in this part of the argument. In this case, the action spectrum is not dense and it can be shown that the action values of the k-periodic orbits are, indeed, close to h 0 Z. Then using the feature of the hyperbolic orbit, the fact that quantum homology acts on the (filtered) Floer-Novikov homology and condition (1.1), we obtain a k-periodic orbit with action outside the small neighborhood of h 0 Z. Remark 1.2. The hyperbolicity condition is required so that the orbit has the important feature mentioned above and which is also described in Section 3.1. Hence, more generally, a symplectomorphism with a periodic orbit with the property described in Theorem 3.1 and satisfying the requirement on its flux admits infinitely many periodic points.
The following proposition (proved in Section 3.3) leads to examples of symplectomorphisms which meet the requirements of the main theorem.
In order to state the proposition, we first introduce the notion of Hamiltonian deformation. We say that a symplectic isotopy φ t of (M, ω) is obtained by a Hamiltonian deformation of another symplectic isotopy ψ t when φ t •ψ −1 t is a Hamiltonian diffeomorphism for all t. Notice that the flux is invariant by Hamiltonian perturbations. Proposition 1.3. Given a symplectic isotopy ψ t of (M, ω) and a contractible loop γ in M , there exists an isotopy φ t obtained by a Hamiltonian deformation of ψ t such that γ is a hyperbolic one-periodic orbit of φ 1 . Example 1.4. Consider M = CP n × T 2 with the standard symplectic form. Recall that c 1 (T 2 ) = 0 and, under the normalization ω FS [g 0 ] = n + 1 (where ω FS is the Fubini-Studi form on CP n and g 0 is the generator of H 2 (CP n , R)), CP n is a monotone symplectic manifold. Denote the rationality constant of M by h 0 . Recall that in T 2 the flux of the isotopy ψ t (x, y) = (x + tθ, y) with θ = 1 is determined by the shift θ, namely, Flux([ψ t ])(y) = θ where we identify
and y is the loop R/Z → T 2 defined by s → (0, s). Hence, the rationality constant h 1 of the flux (defined by (2.1)) is also determined by θ. Now, consider the isotopy ψ t in M defined by the identity on CP n and ψ t on T 2 . For the fixed h 0 in (M, ω), consider θ so that h 1 /h 0 ∈ Q. The symplectomorphism ψ 1 has no fixed points. According to the previous proposition, there exists an isotopy φ t obtained by Hamiltonian deformation of ψ t such that φ 1 has a hyperbolic fixed point.
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2. Preliminaries 2.1. Symplectic manifolds. Let (M 2n , ω) be a closed (i.e. compact and with no boundary) rational symplectic manifold and consider an almost complex structure J on T M compatible with ω, i.e., such that ξ, η := ω(ξ, Jη) is a Riemannian metric on M. Recall that (M, ω) is said to be (spherically) rational if the group formed by the integrals of ω over the spheres in M is discrete, that is,
where h 0 ≥ 0. The constant h 0 is called the rationality constant.
Since the space of almost complex structures compatible with ω is connected, the first Chern class c 1 ∈ H 2 (M, Z) is uniquely determined by ω. The minimal Chern number of a symplectic manifold (M, ω) is the positive integer c min 1 which generates the discrete group formed by the integrals of c 1 over the spheres in M , i.e., 
for some non-negative constant λ ∈ R. If λ = 0 and c 1 | π 2 (M ) = 0, we say that M is strictly monotone.
Example 2.1. Consider M = CP n × P 2m where P 2m is symplectically aspherical (with m ≤ n). We have c min 1 (CP n ) = n + 1. Hence, the minimal Chern number of M is c min 1 (M ) = n + 1 (see, e.g., [MS12] for more details). In Theorem 1.1, the assumption on the minimal Chern number
which is equivalent to m ≤ n.
2.2. Symplectomorphisms. We denote by Symp(M, ω) the symplectomorphism group of (M, ω) and by Symp 0 (M, ω) the identity component in Symp(M, ω). Let φ ∈ Symp 0 (M, ω) and consider φ t a symplectic path connecting the identity to φ, i.e., φ 0 = id and φ 1 = φ. A vector field X t is defined by:
Recall that the flux homomorphism is defined on the universal covering of Symp 0 (M, ω) as follows:
Let θ be a closed one-form which represents the cohomology class Flux([φ t ]). Throughout this paper, we assume that the group formed by the integrals of θ over the loops in M is discrete, that is,
for some h 1 ∈ R. In this case, we say that φ has rational flux.
Recall that given a time dependent Hamiltonian H : It induces a long exact sequence on the homotopy groups and part of it is given by
Since this fibration admits a section consisting of constant loops,
With the identification π 1 (ΩM ) ≡ π 2 (M ) (see e.g. [Ada78, for the details), we have
Consider the homomorphisms
induced, respectively, by
and the covering space L M of LM associated with the induced homomorphisms, i.e. the covering whose fundamental group is the subgroup
, the covering L M → LM can be constructed so that the following diagram commutes:
Here M is the covering space of M associated with the subgroup ker I θ of π 1 (M ). The deck transformation group of the covering π :
The map ev : LM → M is defined as above and the map j : LM → LM is the covering associated with the homomorphisms I c 1 and I ω . The deck transformation group of the covering j is isomorphic to the quotient group
Hence, the deck transformation group of the covering L M → LM is the direct sum
and (2.3) is isomorphic to (2.5). An element of the covering space L M is represented by an equivalence class of pairs ( x, v) where
An element of L M can be viewed as a capped loop with a tail attached to it in M (see Figure 1) :
Fix a point p 0 ∈ M and consider a path, t, connecting p 0 to x(0). We say that two objects x := (x, v, t) and y := (y, w, t ) are equivalent if i) x = y, ii) I c 1 (v#(−w)) = 0 = I ω (v#(−w)) and iii) I θ (t#t ) = 0 where t#t is the concatenation of the paths t and t .
The equivalence class
2.2.2. Periodic orbits and the action functional. Let φ ∈ Symp 0 (M ), φ t be a symplectic path connecting φ 0 = id to φ 1 = φ and X t be the vector field associated with φ t (as in Section 2.2). Lê and Ono proved in [LO95, Lemma 2.1] that we can deform {φ t } through symplectic isotopies (keeping the end points fixed) so that the cohomology
are the same (where X t is the vector field associated with the deformed symplectic isotopies φ t ).
Lemma 2.2 (Deformation Lemma). Each element in Symp 0 (M, ω) admits a representative symplectic isotopy generated by a smooth path of closed oneforms θ t on M whose cohomology class is identically equal to the flux.
The fixed points of φ = φ 1 are in one-to-one correspondence with oneperiodic solutions of the differential equatioṅ
where X θt is defined by −ω(X θt , ·) = θ t .
The set of one-periodic solutions of (2.6) is denoted by P(θ t ) and coincides with the zero set of the closed one-form defined on the loop space of M , LM , by
where x ∈ LM and ξ ∈ T x LM (i.e. ξ is a tangent vector field along the loop x). By the Deformation Lemma 2.2, there exists a periodic Hamiltonian
where θ t := −ω(X t , ·). The time-dependent Hamiltonian flow on M generated by H t is the pull back of the original symplectic flow on M . In particular, the set of contractible periodic solutions of the Hamiltonian system P( H) is the set Π −1 (P(θ t )) and P( H) := j −1 (P( H)) is the critical set of the functional:
where π • v = v (recall that j is given by (2.4)). The action functional is homogeneous with respect to iterations in the following sense
where [ x, v] k is the k-th iteration of [ x, v] and depends on the equivalence class of the capping v of the loop x:
where A ∈ π 2 (M ).
2.2.3.
Mean index and the augmented action. Let x be a periodic orbit of φ ∈ Symp 0 (M, ω), i.e., a periodic solution of (2.6). If the eigenvalues of the map dφ x(0) : T x(0) M → T x(0) M are not equal to one, the orbit x is called non-degenerate. If, in addition, none the of eigenvalues of the linearized return map dφ x(0) has absolute value equal to one, we say x is hyperbolic. The symplectomorphism φ (or H when φ = ϕ H ) is said to be non-degenerate if all its one-periodic orbits are non-degenerate.
Let (x, v) be a capped periodic orbit of φ. Using a trivialization of x * T M arising from the capping v, the linearized flow along x
can be viewed as a symplectic path Φ : [0, 1] → Sp(2n). The mean index of (x, v) is defined by ∆ φ (x, v) := ∆ φ (Φ); see [SZ92] .
Recall that, in the setting of Section 2.2.2, the time-dependent Hamiltonian flow on M generated by H is the pull back of the original symplectic flow on M , hence a periodic orbit x ∈ P( H) is non-degenerate if and only if π • x is non-degenerate as a periodic orbit of φ and it is hyperbolic if and only if π • x is hyperbolic as a periodic orbit of φ. Moreover,
and it has the following properties:
and
where A ∈ π 2 (M ). The augmented action is defined by
Notice that the augmented action is independent of the capping v and it is homogeneous with respect to iterations in the following sense
2.3. Floer-Novikov Homology. In this section, we recall the construction of the Floer homology for symplectomorphisms following [LO95] (references therein and [Ono06] ). Let φ be a symplectomorphism isotopic to the identity defined on a strictly monotone manifold M and {φ t } a path connecting φ to the identity. Take an almost complex structure J on M and fix an almost complex structure J on M corresponding to J. Consider the Hamiltonian H associated with φ t as in (2.8) and recall that we denote by P( H) the set of contractible periodic orbits of the Hamiltonian system associated with H and P( H) := j −1 (P( H)) = Crit (A H ) (see Section 2.2.2). The maps u : R × S 1 → M which satisfy the equation
with boundary conditions lim s→±∞ u(s, t) = x ± ∈ P( H) (2.14)
can be seen as connecting orbits between
The energy of a connecting orbit in this space is given by
where ||∂ s u|| M is ||∂ s (π • u)|| where || · || stands for the norm with respect to
) the space of solutions u of (2.13-2.14) that transform the cappings as in (2.15) and that have finite energy E( u).
(2.17)
and is Γ 1 -invariant (where Γ 1 is π 1 (M )/ ker I θ ), i.e.
This index satisfies the following identities:
Denote by P k ( H) the subset of P( H) of periodic solutions with µ CZ ([ x, v]) = k. Consider the chain complex whose k-th chain group C k ( H) consists of all formal sums
∈ Z 2 and such that, for all c ∈ R,
, the boundary operator ∂ k is defined as follows where θ t is the one-form (defined as in Lemma 2.2) associated with the path {φ t } and θ t is the one-form associated with a non-degenerate perturbation {φ t } of {φ t }. Here −∞ ≤ a < b ≤ ∞ are outside the action spectrum of {φ t }. Observe that since the symplectic manifold (M, ω) and the flux are rational (in the sense of Sections 2.1 and 2.2), the action spectrum is nowhere dense (see e.g. [HZ11, Sch00] 2.4.1. Novikov ring and Quantum homology. In the case when M is strictly monotone, the Novikov ring, Λ, is the group algebra of a group Γ over Z 2 ,
. The group Γ is the quotient of π 2 (M ) by the equivalence relation ∼ where
An element in Λ is a formal finite linear combination,
where α A ∈ Z 2 . The degree of e A , for A ∈ Γ, is I c 1 (A) which grades the ring Λ. We have Γ Z and denote by A 0 the generator of Γ with I c 1 (A 0 ) = −2c min 1 . Then q := e A 0 ∈ Λ has degree −2c min 1 and the Novikov ring is the ring of Laurent polynomials
The quantum homology of M is defined by
(where Λ is the Novikov ring) where the degree of an element α ⊗ e A , with α ∈ H * (M ) and A ∈ Γ, is deg(α) + I c 1 (A). The product structure is given by the quantum product. When α and β are ordinary homology classes the quantum product is 20) where (α * β) A ∈ H * (M ) is defined using Gromov-Witten invariants of M and its degree is deg(α) + deg(β) − 2n − I c 1 (A). Then
When A = 0, (α * β) 0 = α∩β, where ∩ is the intersection product of ordinary homology classes.
Recall that the summation in (2.20) can be restricted to the cone I ω (A) ≤ 0 and, under the hypotheses on M , we can rewrite (2.20) as
where the sum is finite and the degree of The map I ω (initially defined on π 2 (M ) in (2.2.1)) can be defined on HQ * (M ) by
where α = α A e A = α k q k and it satisfies
is the class of a point in CP n ). The fact that there is a unique line through any two points is reflected in the identity (β * α) A = [CP n ] where c 1 (A) = c min 1 . Hence, in HQ * (CP n ), β * α = q[CP n ]. Similarlly, for M = CP n × P 2m , where P 2m is symplectically aspherical, Then the dimension of this moduli space is
, [ y, w]; σ) mudulo 2 when this moduli space is zero-dimensional and zero otherwise. For any c, c ∈ S( H), there is a map
This map commutes with the Floer-Novikov differential ∂ and descends to a map
(this is independent of the cycle which represents [σ]). The map
In (2.23), q is as in Section 2.4.1 and The map Φ α can be extended to all α ∈ HQ * (M ), by linearity over Λ, so that (2.24) holds.
The maps Φ α , for all α ∈ HQ * (M ), also give an action of the quantum homology on the filtered Floer-Novikov homology.
The action has the following properties:
Remark 2.4. Observe that in the multiplicativity property (2.25), in general, the maps on the two sides of the equality have different target spaces. We should understand the identity in (2.25) as that the following diagram commutes for any interval
The vertical arrow and the bottom horizontal arrow are the natural quotient-inclusion maps whose existence is guaranteed by the choice of d and d and (2.22).
Proof of the Main Result
3.1. Ball-Crossing Energy Theorem. Here, we describe the key property of hyperbolic periodic orbits which supports the proof of the main theorem (see [GG14, Section 3] for more details including the proof of the Ball-crossing energy Theorem). Let φ be a symplectomorphism isotopic to the identity on a symplectic manifold (M, ω) and fix a one-periodic in time almost complex structure J compatible with ω. For a closed domain Σ ⊂ R×S 1 k (i.e. a closed subset with non-empty interior), where S 1 k := R/kZ, the energy of a solution u : Σ → M of the equation (2.13) is, by definition,
where ||∂ s u|| M is defined as in (2.16).
Let γ be a hyperbolic one-periodic solution of (2.6) in M and γ a lift of γ to M , then γ ∈ P( H) hyperbolic. Recall the definition of the covering space M in Section 2.2.1 and of the Hamiltonian H associated with φ in (2.8).
A solution u : Σ → M of the equation (2.13) is said to be asymptotic to
Consider a sufficiently small closed neighborhood U of γ with smooth boundary and define U := π −1 (U ).
Theorem 3.1. [GG14, Ball-Crossing Energy Theorem]
There exists a constant c ∞ > 0 (independent of k and Σ) such that for any solution u of the equation (2.13), with u(∂Σ) ⊂ ∂ U and ∂Σ = ∅, which is asymptotic to γ k as s → ∞, we have
Moreover, the constant c ∞ can be chosen to make (3.1) hold for all k-periodic almost complex structures (with varying k) C ∞ -close to J uniformly on R × U .
3.2.
Proof of Theorem 1.1. As mentioned in the introduction, to simplify the setting, we may assume that γ is a constant orbit. This is due to the fact that there exists a one periodic loop of Hamiltonian diffeomorphisms ψ t defined on a neighborhood of γ such that ψ t (γ(0)) = γ(t). We may think of γ(t) ≡ γ(0) as a fixed point of (ψ t ) −1 • φ t (see [Gin10, Section 5 .1] for more details).
Denote by H the Hamiltonian associated with the symplectic isotopy φ t in the sense of (2.8). Consider, by (2.10), an iteration l of H so that the mean index of the l-th iteration of γ is divisible by 2c min 1 (independently of the attached capping). Then, by (2.11), the mean index of this iteration of γ is zero for some capping. Add a constant to H l so that the action of a lift γ of the l-th iteration of γ with the above capping is zero. We write H and γ for the obtained Hamiltonian and the l-th iteration of γ, respectively, and we have:
Remark 3.2. Observe that since γ is hyperbolic, the mean index ∆ H ( γ) is equal to the Conley-Zehnder index µ CZ ( γ) and hence µ CZ ( γ) = 0.
We reason by contradiction and suppose φ has finitely many periodic points. By our assumptions we have
where p and q are relatively prime natural numbers (and q is non-zero).
Notice that, for all k ∈ N, we have
. We fix a prime number k large enough so that
and from now on we simply write φ t and p for φ k t and kp, respectively. The q-th iteration φ q also has finitely many periodic points and we denote them by x 1 , . . . , x m . We write φ q t for φ t and (up to further replacing of φ k t by φ t ) the curves x 1 , . . . , x m can be assumed to be one-periodic.
Consider an almost complex structure J and denote by J the corresponding almost complex structure on M . Let U be a closed neighborhood of γ such that φ has no periodic orbit intersecting U except γ. By Theorem 3.1, there exists a constant c ∞ > 0 such that, for all k, the energy of any solution of (2.13) of period k asymptotic to γ k as s → ∞ is greater than c ∞ .
For each i = 1, . . . , m, attach a capping v i to the loop x i , fix a lift We denote by ||a|| h ∈ [0, h/2] the distance from a ∈ S 1 h = R/hZ to 0. Observe that k depends on (and δ), hence it depends on c ∞ and also on the neighborhood U .
Consider a non-degenerate perturbation φ t of φ k t such that (2.19) holds and such that the Hamiltonian K associated with φ t as in (2.8) satisfies the following properties:
(1) K coincides with H k on the neighborhood U , (2) K is k-periodic and non-degenerate and (3) K is sufficiently C 2 -close to H k .
Here, we consider K sufficiently C 2 -close to H k in order to have the existence of k (large) such that for all x k-periodic solution of K
where
Note that, as long as δ < h 0 , conditions (3.7) and (3.6) follow from (3.5). Observe that if φ k is nondegenerate, we can take φ = φ k .
For any k-periodic almost complex structure J sufficiently close to (the k-periodic extension of) J , all non-trivial solutions u : R × S 1 k → M of the equation (2.13) for the pair (φ , J) asymptotic to γ k as s → ∞ have energy greater than c ∞ .
Lemma 3.5. [GG14, Lemma 4.1] Let τ := (p − 1)h 0 − λ 2 (n + 1). The orbit γ k is not connected by a solution of (2.13) to any x ∈ P( K) with ConleyZehnder index ±1 and action in (−τ, τ ).
In particular, γ k is closed in C
Proof. Assume the orbit γ k is connected, by a solution u of (2.13), to some x ∈ P ( K) with index µ CZ ( x) = ±1 with action in (−τ, τ ) .
Consider the first case in (3.7), i.e. A K ( x) < δ: since 3.1 and (3.4) ) and iii) A K ( γ k ) = 0 (by (3.2)), we have
Then, by the definition of augmented action (2.12) and since i) A K ( x) < δ and ii) 2( + δ) < λ (by 3.4), we have
Thus, by (2.17),
where the second inequality follows from the requirement that c min 1 ≥ n/2+1. We obtained a contradiction since µ CZ ( x) = ±1.
Consider now the second case in (3.7), i.e. A K ( x) > (p − 1)h 0 : by the definition of augmented action (2.12), we obtain
where the second inequality follows from the fact that ∆ K ( x) < n + 1 (which holds since µ CZ ( x) = ±1 and by (2.17)). Hence the action of x is outside the interval (−τ, τ ) and we obtained a contradiction.
The previous lemma also holds for q γ k with the shifted range of actions (−τ, τ ) − h 0 . For an interval (a, b) containing the interval [−h 0 , 0] and contained in the intersection of the action intervals (−τ, τ ) and (−τ, τ ) − h 0 , Lemma 3.5 holds for both tailed -capped orbits γ k and q γ k and the interval (a, b).
Remark 3.6. Observe that the existence of such an interval (a, b) is guaranteed by −τ < τ − h 0 and our initial assumption on p, namely, (2p − 3)h 0 − λ(n + 1) > 0 (3.3).
For the sake of completeness, we state this result in the following lemma.
Lemma 3.7. The orbits γ k and q γ k are not connected by a solution of (2.13) to any x ∈ P( K) with Conley-Zehnder index ±1 and action in an interval (a, b) such that
In particular, γ k and q γ k are closed in C Recall that, by (3.6), all periodic orbits of φ have action values in the -neighborhood of h 0 Z. With the following lemma we obtain a contradiction and the main result follows. 26) with (c, c ) = (a, b) , we have
Take σ and η generic cycles representing the ordinary homology classes α and β, respectively. The chain Φ η Φ σ ( γ k ) represents the homology class q[ γ k ] and hence the orbit q γ k enters the chain Φ η Φ σ ( γ k ) (by Lemma 3.7). Hence, (see Figure 2) there is an orbit y in Φ σ ( γ k ) connected to γ k and q γ k by trajectories which are solutions of (2.13). By the Ball-Crossing Energy Theorem 3.1, (3.4) and i) A K ( γ k ) = 0 ii) A K (q γ k ) = −h 0 , we obtain − > A K ( y) > −h 0 + . 3.3. Proof of Proposition 1.3. Let ψ t be a symplectic isotopy of (M, ω) and γ a contractible loop in M . We prove this proposition in four steps. In the first three (1a-1c) we assume γ is constant and in the last step, (2), we consider the general case. Assume that γ is a constant loop, i.e. γ(t) ≡ p.
Orbit Action
(1a) Take a Hamiltonian H : [0, 1] × M → R such that the Hamiltonian flow ϕ t H associated with H satisfies ϕ t H (p) = ψ t (p). Namely, take any function H t satisfying −dH t (ψ t (p)) = ι d dt ψt(p) ω. The point p is fixed by the composition (ϕ t H ) −1 • ψ t and notice that the new isotopy is obtained by a Hamiltonian deformation of ψ t since (ϕ t H ) −1 is the flow of some Hamiltonian usually denoted by H inv . Denote this composition by ψ t .
(1b) There exists a Hamiltonian H : [0, 1] × M → R such that ψ t = ϕ t H near the point p, since θ t = dH t near p for some Hamiltonian H . The composition (ϕ t H ) −1 • ψ t ≡ id near p and it is obtained by a Hamiltonian deformation of ψ t (and hence of ψ t ). Denote this composition by φ t .
(1c) Take a Hamiltonian K : [0, 1] × M → R such that p is a hyperbolic fixed point of ϕ K . Then φ t := ϕ t K • φ t is a Hamiltonian deformation of φ t and of ψ t such that p is fixed by this isotopy and is hyperbolic. The reason is that, by (1b), φ t ≡ id near p.
Consider now the general case where γ is a contractible loop and denote γ(0) by p.
(2) Applying steps (1a) through (1c) to the point p, we obtain a symplectic path φ t such that p is a fixed point of φ 1 . There exists a loop of Hamiltonian diffeomorphisms η t such that η t (p) = γ(t) (see e.g. [Gin10, Section 5.1] for more details). Then γ is a hyperbolic periodic orbit of the composition η t • φ t -a Hamiltonian deformation of ψ t .
Remark 3.9. Observe that with the previous construction we may create an isotopy with any prescribed linearization dϕ K along a loop γ.
